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Abstract
Let f ∈ S, f be a close-to-convex function, fk(z)= [f (zk)]1/k . The relative growth of successive
coefficients of fk(z) is investigated. The sharp estimate of ||cn+1| − |cn|| is obtained by using the
method of the subordination function.
 2003 Published by Elsevier Inc.
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Let S be the class of functions f (z) = z+ c2z2 + · · · regular and univalent in |z|< 1
and Sc be the subclass of close-to-convex functions. Let f ∈ S, fk(z)= [f (zk)]1/k = z+∑∞
n=1 cn+1zkn+1. Authors studied the relative growth of successive coefficients ||cn+1| −
|cn|| of fk(z) (see [2–6]). This is a difficult and interesting problem in univalent functions.
In this paper, we shall prove the following
Theorem 1. Let f ∈ Sc , fk(z)= [f (zk)]1/k = z+∑∞n=1 cn+1zkn+1, k = 2,3, . . . . Then∣∣|cn+1| − |cn|∣∣Akn1/k−1(log(n))3/2 (n= 2,3, . . .), (1)
where Ak is a constant only related to k. The exponent 1/k − 1 is best possible.
El Hosh proved in 1984 that ||cn+1| − |cn|| = O(n−1/2) for k = 2 (see W. Hayman,
Multivalent Functions, 2nd ed., p. 166).
First, we give the following lemmas.
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2π∫
0
∣∣∣∣f ′(z)f (z)
∣∣∣∣
2
dθ A(1− r)−1 log 1
1− r , (2)
where A is an absolute constant.
Lemma 2. Let f (z) and g(z) be analytic in |z| < 1, f (z) = 0, g(z) = 0. Let f (z) be
subordinate to g(z). Then, for z= reiθ , r < 1,
2π∫
0
∣∣∣∣f ′(z)f (z)
∣∣∣∣dθ 
2π∫
0
∣∣∣∣g′(z)g(z)
∣∣∣∣dθ. (3)
Proof. Applying the Poisson formula for the function g′(z)/g(z) in |z|< r , we obtain
∣∣∣∣g′(z)g(z)
∣∣∣∣ 12π
2π∫
0
∣∣∣∣g′(reit )g(reit )
∣∣∣∣Re reit + zreit − z dt. (4)
We see that there exists an analytic function ϕ(z) in |z|< 1 such that ϕ(0)= 0, |ϕ(z)|< 1,
and f (z)= g(ϕ(z)). For 0 < ρ < r , write ρeiθ = s, reit =w. It follows from (4) that
2π∫
0
∣∣∣∣f ′(s)f (s)
∣∣∣∣dθ =
2π∫
0
∣∣∣∣g′(ϕ(s))ϕ′(s)g(ϕ(s))
∣∣∣∣dθ 
2π∫
0
∣∣∣∣g′(ϕ(s))g(ϕ(s))
∣∣∣∣dθ

2π∫
0
∣∣∣∣g′(w)g(w)
∣∣∣∣Re
{
1
2π
2π∫
0
w+ ϕ(s)
w− ϕ(s) dθ
}
dt =
2π∫
0
∣∣∣∣g′(w)g(w)
∣∣∣∣dt. (5)
Let now ρ→ r; this proves the lemma. ✷
Lemma 3. Let f (z) be analytic in |z|< 1 and f (0)= 1, Re{f (z)}> 0. Then for z= reiθ
and 1/2 r < 1,
2π∫
0
∣∣∣∣f ′(z)f (z)
∣∣∣∣dθ  4 log 1+ r1− r . (6)
Proof. It is clear that f (z) is subordinate to g(z)= (1+ z)/(1− z). Estimating the integral
in Lemma 3 by Lemma 2 and theorem of the integral means of univalent functions (see [2]),
we obtain
2π∫
0
∣∣∣∣f ′(z)f (z)
∣∣∣∣dθ 
2π∫
0
∣∣∣∣g′(z)g(z)
∣∣∣∣dθ = 2r
2π∫
0
∣∣∣∣ z1− z2
∣∣∣∣dθ  2r
r∫
0
dρ
1− ρ2 =
2
r
log
1+ r
1− r .
(7)
Since r  1/2, this gives lemma. ✷
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2π∫
0
∣∣∣∣f ′′(z)f ′(z)
∣∣∣∣dθ A log 11− r , (8)
where A is an absolute constant.
Proof. Because f ∈ Sc, there exists a starlike function g(z) = b1z + · · · such that
Re{zf ′(z)/g(z)}> 0. Write p(z)= zf ′(z)/g(z). By means of Lemma 3, we have
2π∫
0
∣∣∣∣p′(z)p(z)
∣∣∣∣dθ A log 1+ r1− r . (9)
On the other hand, it follows that
p′(z)
p(z)
= f
′′(z)
f ′(z)
+ 1
z
− g
′(z)
g(z)
. (10)
We obtain from (10) that
2π∫
0
∣∣∣∣f ′′(z)f ′(z)
∣∣∣∣dθ 
2π∫
0
[∣∣∣∣p′(z)p(z)
∣∣∣∣+ 1r +
∣∣∣∣g′(z)g(z)
∣∣∣∣
]
dθ. (11)
Since g ∈ S∗, we have (see [7])
2π∫
0
∣∣∣∣g′(z)g(z)
∣∣∣∣dθ A log 11− r , (12)
where A is an absolute constant. By (9), (12), and (11), we easy prove (8). ✷
Lemma 5. Let f ∈ S, |fk(r)| = max|z|=r |fk(z)|. Then∣∣(1− zk)fk(z)∣∣ 10(1− r)−1/k. (13)
Proof. Let |f (r)| = max|z|=r |f (z)|. It follows that for any θ ∈ [0,2π],
(1− r)2
r
∣∣f (reiθ )∣∣ (1− r2)2
r2
∣∣f (r2eiθ )∣∣. (14)
The Goluzin inequality shows that
[
(1− r2)(1− r4)]1/2  ∣∣∣∣ 1f (r2eiθ ) − 1f (r)
∣∣∣∣
∣∣∣∣ 1r2eiθ − 1r
∣∣∣∣
−1
= r2
∣∣∣∣ 1f (r2eiθ ) − 1f (r)
∣∣∣∣|1− reiθ |−1.
We obtain from (14) that
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∣∣∣∣ 1f (r2eiθ ) − 1f (r)
∣∣∣∣ r2
(∣∣∣∣ 1f (r2eiθ )
∣∣∣∣+
∣∣∣∣ 1f (r)
∣∣∣∣
)
 r
2
|f (reiθ )|
[
(1+ r)2
r
+ 1
]
 5r|f (reiθ )| .
Combining above two inequalities, we get[
(1− r2)(1− r4)]1/2  5r|1− reiθ ||f (reiθ )| . (15)
It follows from (15) that
|1− z|∣∣f (z)∣∣ 5(1− r)−1. (16)
We obtain from (16) that
|1− zk|∣∣f (zk)∣∣1/k = (|1− zk|∣∣f (zk)∣∣)1/k|1− zk|1−1/k
 10(1− rk)−1/k  10(1− r)−1/k. ✷ (17)
Proof of Theorem 1. Assume without loss of generality that |fk(r)| = max|z|=r |fk(z)|,
otherwise we consider the function e−iθ0fk(reiθ0). Write
h(z)= (1− zk)f ′k(z)=
∞∑
n=0
anz
kn. (18)
A short calculation shows that
zh′(z)= h(z)
[
kzkf ′′(zk)
f ′(zk)
+ (k − 1)− kz
k
1− zk − k
(
1− 1
k
)
zkf ′(zk)
f (zk)
]
. (19)
Write
zkf ′′(zk)
f ′(zk)
=
∞∑
n=1
bnz
kn.
Since |zk|< |z| = r , by means of Lemma 4, we obtain
|bn| r
−kn
2π
2π∫
0
∣∣∣∣zkf ′′(zk)f ′(zk)
∣∣∣∣dθ  kr−kn2π
2π∫
0
∣∣∣∣f ′′(z)f ′(z)
∣∣∣∣dθ Akr−kn log 11− r . (20)
Let r = 1− 1/n in (20); we obtain that, for n= 2,3, . . . ,
|bn|Ak logn. (21)
It follows by Lemmas 1 and 5 that
n∑
m=0
|am|2  r−2kn
∞∑
m=0
|am|2r2km  r
−2kn
2π
2π∫
0
∣∣h(z)∣∣2 dθ
= r
−2kn
2π
2π∫
|1− zk|2∣∣fk(z)∣∣2
∣∣∣∣f ′k(z)fk(z)
∣∣∣∣
2
dθ0
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2π∫
0
∣∣∣∣f ′k(z)fk(z)
∣∣∣∣
2
dθ Ak(1− r)−1−2/k log 11− r . (22)
Let r = 1− 1/n in (22); it follows from (22) that, for n= 2,3, . . . ,
n∑
m=0
|am|2 Akn1+2/k logn. (23)
We use the symbols {f }n to denote the coefficients of zn in Taylor expansion of a func-
tion f . We obtain from (21) and (23) that∣∣∣∣
{
zkf ′′(zk)
f ′(zk)
h(z)
}
kn
∣∣∣∣=
∣∣∣∣∣
n−1∑
m=0
ambn−m
∣∣∣∣∣Ak logn
n∑
m=0
|am|
Ak(logn)n1/2
(
n∑
m=0
|am|2
)1/2
Ak(logn)3/2n1+1/k. (24)
Now write
(k − 1)− kz
k
1− zk =
∞∑
n=0
b′nzkn.
It is clear that
(k − 1)− kz
k
1− zk = (k − 1)−
∞∑
n=1
kzkn. (25)
Since (25), we see that b′0 = k − 1, b′n = k (n= 1,2, . . .). Similarly, we obtain that∣∣∣∣
{[
(k − 1)− kz
k
1− zk
]
h(z)
}
kn
∣∣∣∣Ak(logn)1/2n1+1/k. (26)
Since |zk| < |z| = r , applying Schwartz’s inequality, by Lemma 5 and by Lemma 1 we
obtain that
2π∫
0
∣∣∣∣f ′(zk)f (zk)
∣∣∣∣∣∣h(z)∣∣dθ A(1− r)−1/k
2π∫
0
∣∣∣∣f ′(zk)f ′k(z)f (zk)fk(z)
∣∣∣∣dθ
Ak(1− r)−1/k
( 2π∫
0
∣∣∣∣f ′(z)f (z)
∣∣∣∣
2
dθ
2π∫
0
∣∣∣∣f ′k(z)fk(z)
∣∣∣∣
2
dθ
)1/2
Ak(1− r)−1/k−1 log 11− r . (27)
Let r = 1− 1/n; we get from (27) that
∣∣∣∣
{
zkf ′(zk)
f (zk)
h(z)
}
kn
∣∣∣∣ r−kn2π
2π∫ ∣∣∣∣f ′(zk)f (zk)
∣∣∣∣∣∣h(z)∣∣dθ Akn1/k+1 logn. (28)
0
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kn|an|Akn1/k+1(logn)3/2. (29)
It follows from (29) that, for n= 2,3, . . . ,
|an| =
∣∣{zh(z)}
kn+1
∣∣Akn1/k(logn)3/2. (30)
It is clear that
(kn+ 1)(cn+1 − cn)=
{
z
[
(1− zk)fk(z)
]′}
kn+1
= {− kzkfk(z)}kn+1 + {zh(z)}kn+1. (31)
By means of Lemma 5, we get that, for r < 1,
∣∣{kzkfk(z)}kn+1∣∣ kr−kn2π
2π∫
0
∣∣fk(z)∣∣dθ Akr−kn(1− r)−1/k
2π∫
0
1
|1− zk| dθ
Akr−kn(1− r)−1/k log 11− r . (32)
Let r = 1− 1/n; we obtain from (32) that, for n= 2,3, . . . ,∣∣{kzkfk(z)}kn+1∣∣Akn1/k logn. (33)
Combining (30) and (33), we obtain from (18) and (31) that, for n= 2,3, . . . ,
(kn+ 1)|cn+1 − cn|Akn1/k(logn)3/2, (34)
which implies that, for n= 2,3, . . . ,∣∣|cn+1| − |cn|∣∣Akn1/k−1(logn)3/2. (35)
Consider the function f (z)= z/(1− z2) ∈ S. We obtain that
fk(z)= z
(1− z2k)1/k = z+
∞∑
n=1
cn+1zkn+1 = z+
∞∑
n=1
dn
(
1
k
)
z2kn+1,
where dk(t) are defined by the expansion (1− z)−t =∑∞n=0 dn(t)zn. It is easy to see that
c2n+1 = dn(1/k), c2n = 0 (n= 1,2, . . .). It follows from the asymptotic equality dk(t) =
nt−1/Γ (t) that∣∣|c2n+1| − |c2n|∣∣= dn
(
1
k
)
=O(n1/k−1).
This gives that the exponent 1/k−1 is best. Thus, we finished the proof of Theorem 1. ✷
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